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CASCADE MODEL: ALGEBRA

version 11/28007

: phenotypic variance

: covariance between the true phenotype and the phenotype on which mates assort

!, : covariance between additive genddikent factor and phenotype

: covariance between madpecific additive genetic latent factor and phenotype

: copath between spouses; note tifapousg¢=d/ !,

: additive gentic path

: malespecific additive genetic path
: dominance genetic path

: sibling-specific environmental path
. twin-specific environmental path

> unique environmental path

: familial pathbset to 1

: variance of familial environment
: variance of common additive genetic latent factor
: variance of malespecific additive genetic latent factors

: covariance between additive genetic latent factor and familial latent factor

: covariance between madpecific additive genetic latent factor and faahilatent factor
: covariance between mas$pecific and common additive genetic latent factors

. correlation between the dominance latent factors between opposite sex sibs/twins
. correlation between the twin latent factors between opposite sex sibs/twins
. correlation between the sibling latent factors between opposite sex sibs/twins

Subscriptsm male;f female;¥ maleor female;MZ1 monozygotic twin 1DZ1 dizygotic twin 1;T1
monozygoticor dizygotic twin 1.
Superscripts. ~ pathways to the latent factor on which spouses mate assortatively

Constraints

Within-person or MZrelated constraints

1. CV(ALRy) = CV (Auzmn Puzw2) =/ = (@) + 1(b,) + Wi,
2. CV(A,.F,) = CV(Auzn1: Puzw2) = ,_m =q(&,) + r(ljm) + W, ( f-m)
3. CV(A;,P;) = CV(Ayzer, Puzea) =1+ =d(a;) + r(by) + w,

4. CV(A;, pf) =CV(Avzer P.-MZFZ) = ,_f =q(&) + r(Hf) +wi( f-f)



S. CV(BWF_)m) =CV(Byzu1 F_)MZM =1, = y(bm) +r(a,)+Vv, _
6. CV(B,,F,) = CV(Byzu1 Puzm2) = K = Y(B,) + 1 (&) + v, (F)
7. CV(B;,P;) =CV(By 61, Puze2) = ¢ = y(by) +r(a) + v,

8. CV(B;,P;) = CV(Byzr, Puzea) = F¢ = y(B;) + 1 (&) + v, ()

Variance or covarianeeelated constraints

9. q=CV(Ay;1,Ayz,) = .50+ .5+ '5!:_md!:_f
q=1+/ dI,

10. y=CV(B,,;;,B\,) = .5y + .5+ .5K, d&,
y=1+I drI,

11, X = CV(FyyFran) = M 2 +0% 2 4 2m("2d"?)
12. Xy =CV(Fyy4,Frp4) = n’l o+ p°l §+2np("5d" )
13. X,y = CV(Fyyp Fra) = 240p! 4+ ME(“207) + (20"

14.CV(AB)=CV(A,,B.,) =r = 5r +.25d(" I, +" I )
r ='5d(,Tm'rf +'Tfrm)

15.CV(AF,) =CV(A,,F;,.) =W, = 5" m+5".0+5" dl%0+.5" dl 2m
16.CV(AF,) =CV(A,,F., ) =W, =.5", p+.5" n+.5" d!/ 2n+.5" dI ?p

17.CV(B,F,)=CV(B,,,F;,, ) =V, =.5" m+.5" 0+.5" d/?0+.57.d!’m
18.CV(B,F,) =CV(B,,,F;,;) =V, =.5" . p+.5" n+.57.d/’n+.5™ d/ ?p

19.12 =a(q)+bi(y)+x,+2a b r+2a w, +2b v +d’+s +t2+€

20.CV(P,,P)=12=a a (9)+b b (y)+f (x )+abr+abr+aw +a fw +bv +b fv

21.1 7 =af(q) +bi(y) + x, +2a,br +2a,w, +2b,v, +df + 5 +17 +€f

22'CV(Pf7ISf) :-If =a,a, (Q)"'bef (y) + Ff (Xf)+afbfr+af6fr+afwf +a; i;fo +Bfo +b; i;fo

+d,d, +s,5, +t,.t, +e &

Twin/Sibling-related constraints
23. CV(Avz1, Ayz,) =59 +.5(";d" ) =q! .5

24 C:V('ADZ]#’ PDZZ,m) = ',¥m = 5am(q) + 5a'm("-f d":-m) + '5rbm + 25C“:lm("-mﬁ'kf + "-f#m) + Wm

”¥m = am(q| 5) +bmr +Wm

25 C:V('ADZZI.,¥’ PDZZ,f) = ',¥f = 5a‘f (q) + 5af ("-md"_f) + 5rbf + 2&jbf (H:-m#f + ”-f#m) + Wf

"w =a;(ql .5)+br+w;

m



26 c:V('ADZ],¥’ P.I-DZZ,m) = ',._¥m = a:m(q ! 5) + b;mr + f:_me

217. CV(Ay 1y P.I-DZZ,f) :':¥f =& (q" .5)+ b;fr + 1;‘_fo
28. CV(Bo,,,Byy,) = .5y +.5(7,d7,) = y— 5

29 C:V(BDZ:L¥’ PDZZ,m) = , ¥m = 5bm(y) + '5bm("+f d”+m) + 'Sram + '25dqn(#m’%f + #} ”.Tm) TV
“vn = bR(YL D) tar +v,

30 c:V(BDZZI.,¥’ PDZZ,f) = , ¥f = 5bf (y) + 5bf (”de”.Tf) + 'Sraf + Zajaf (#!-m"'Tf + 75} ”+m) + Vf
"w =b (Yl D) +ar+v,

m

31 CV(BD21.¥’ P.-DZZ,m) = !+¥m = b;m(yII 5)+ anr + f:-mvm
32. CV(By,1y IjDZZ,f) =k, = tTf (y" .5)+ar+ 1=.-fo

Avuncularrelatedconstraints

33.
34.
35.
36.

37.
38.
39.
40.

4].

CV(Ayz1:Puzmi250m) = wum = -585,(q+ %, d™ ) + .50, (r + #.d™ )+ m+0$7d™
CV(Ayz1 Puzeoson) = ! vem = 58, (Q+ 7,d™) +.80, (r + #,d™,) + "0+ m$d™,
CV(Avz Puzmzaan) = L =58 (Q+ 7, d™) + .80 (r + #.d™ )+ " n+ p$rd™
CV (A1 Puzrogu) = vy =-5a,(g+ ™, d™,) + .5b,(r+ #,d™,)+" . p+n$.d",

CV(AD21’ I:)DZM 2.Son) = 'I¥Mm = 5a‘m((q " 5)+ #:f d‘%m) + '5bm(r + % d‘%m) + ‘ﬁ#mm-l- 0&$d$m
CV(AD21’ PDZFZ.Son) = ',¥Fm = 5a‘m((q ) 5) + #.md‘géf ) + '5bm(r + G}ﬁ'ld‘ﬂf ) + $¥f0+ m&id‘%
CV(ADZl’ I:)DZM 2.dau) = !¥Mf = '5af ((q "’ 5) + #}d‘%;m) + '5bf (r + %d@m) + $¥mn + p&fd‘gm
CV(ADZl’ PDZFZ.dau) = 'I¥Ff = '5af ((q " 5)+ #-md$;f) + 5bf (r + %d@f) + $¥f p+ rl&’an‘%’f

C"/(BMZPPMZM 2.sun) :', ¥Mm = 5bm (y +5 d”+f) + 5am (l" + #.}d".?m) +7 mm + Oﬁdufm

m

42. CV(Byz1,Puzroson) =/ wem = B0, (Y + %5,d"%,) + .52, (r +#Z,d* ) + " ;0 + m$d*,
43. CV(Byz1, Puzmzgad) = s =50, (Y + *5,d™%,) +.5a, (r + £ d™%, )+ " n+ p$id™,
44. CV(Byz1, Puzrogan) = ver =90 (Y + 5,d%) + .58, (r +Z,d* ) + " ( p+ n$§1d”+f

45. CV(Boz1, Pozw 25on) = ! wum = B0, ((y " .5)+ #,d$;) + .5a, (r + %d$,) + $,,m+ 0&d$,,
46. CV (Bt Pozrason) =/ vem =50, ((y " .5) + #,d%,) + .5a,,(r + %d$,) + $,,0+ m& d¥,
47. CV(Bpyy, Poswzgad = v =-B0,((y " .5)+ #,d$,,) + .5a,(r + %d$, ) + $,,n + p&d$,,
48. CV(Bpyy, Posraaad) = Beer =50 (Y —.5) + #,d¢p; ) + .5, (r + 5,de; ) + o p+ N7 Aot

Relative Covariances

MZ Twins: P! P
1. CV(MZM,MZM) =1 . =ag(q) +br(y) + X, + 28,1 +2a,w,, +2b,v,, +d; +17 + 57
2. CV(MZF,MZF) =! . =a?(q)+b’(y)+ X, +2a.b.r +2a,w, +2b,v, +d? +t? +s?



MZ Twins: P! P

CV(PMZLm7 I:)MZ2,m) =1 mm — a'mé:m (q) + bmbm(y) + fm (Xm) + a‘mbmr + ambmr +5:me + a, mem + bme + bm fmvm

CV(Pyzvt+Puzas) = N ¢ =a;a;(q)+bb, (y)+ f, (x;)+abr+abr+aw, +a, f,w, +bv, +b f v
+dfaf +55; +tft~f

MZ Twins: P! P

Cv(ﬁMZLm’ 5MZZ,m) = rmm = 51121(q) + an(y) + Frrfxm + 25r'nl;mr +25’m f~me + 26‘m f~me + ani + fr‘n2 + éﬁ

Cv(ﬁMZLf ' 5MZZ,f) = !~ i = a?(q)+6f2(y)+ Fn’?xf +2—a~f6-f r +25f Ffo +26f Ffvf +a‘f2+t~f2+§f2

DZ Twins: P! P

3.CV(DZM,DzZM) =" _=a’(q! .5)+b’(y! 5)+x +2a b r+2aw +2bv +.2502 +t> +

4. CV(DZF,DZF)=Q, =a’(q—.5) +b?(y—.5) +x, +2a,b.r +2a,w, +2b,v, +.25d° +t% + s’

5.CV(DzZM,DZF) =" . =a,a,;(q! .5 +b b, (y! .5 +x. +a,b;r+a.b,r+a,w, +a,w, +b,v, +b,v,
+z,d d, +zt t, +zs5S,S;
whege! 25, z ! 1, andz ! 1

DZ Twins: P! P

CV (Pozim: Pozam) =" mn = 8nBn(A! 5) +B,0, (Y1 5) + T, (%) + &l + 2,0, +8,W,, +a, Fow,

+b,v, +b, f v, +.25d d_+s,3, +t T
CV(PDZl_f,IS,DZZ_f):'Tff =a;a (q! .5)+bf6f (y! .5+ f~f (x;)+abr+a, Efr +a,w, +a, 1“~fwf
+b,v, +b, f,v, +.25d,d, +5s§, +t,t,
CV(ISDZZ_f Poim) = " m=aa. (q! .5)+mef (y! .5+ f~f (xmf)JramBf r+ab.r+a, 1Tf W, +a,w,
+b f,v, +b,v_+z,d d, +zt T +2zs.5
CV(ISDZZ_m, P,i;)= a « =asa.(q! .5+ bem(y! 5) + Fm(xmf) + afEmr +a b,r+a, f~mwm +a, W,
+b, f v _+b v, +z,d.d_+zt, T +zs,5
DZ Twins; P! P
CV(Boy o Poran) =" o =82(Q1 5)+D2(y! 5)+ T2x, +28,b,1 + 28, ., + 2, v, +.2502 + 2 + §2
CV(By, Poyss) =" 4 =82(q! 5)+D2(y! .5)+ T2x, + 2,1 + 28, T,w, +2b, T,v, +.250% + T2 + &7

f(ql 5) +Bm6f (yl 5) + Fm i:“f me +am6fr +af er +am Ff Wf +af Fme

CV(PDZLm’ Dz2,f )=" =4
+

6m Ffvf + 5f f~me + demdf + thmﬁ + Zs’§m§f

Siblings: P! P
6. CV(SibM,SibM)=#, =" ¢

7. CV(SIibF,SibF) =# . =" . ! t?
8. CV(SibM,SibF) =# . =" . ! zt t,



Siblings: P! P

CV (Pagm: Pzm) = #om =" ! Tl
CV(Pozs 1Pz ) =Eﬁ =" Tt
CV(Pos 1 Pozom) =# i =" 1 ! 2L,
CV(Poyim: P Dzzf)=§ "zt t
Siblings s:P! P _ ~
CV(PSltflm’ S|b2m):E :mm! t2
CV(Pozy(:Pogo) =y =" 1 17
CV(Pogim Pozzs) =# =" o ! 70T

Spouses
9. CV(Spousk="!2d!?

Parentoffspring _

10. CV(Fa,Son = %, = .5a,($.) +.5a_($,d! 2) +.50 (%) +.50. (%, d/ 2) +m" 2 +o(! 2d! 2)
11. CV(Fa,Dau) = %, =.5a,($,)+.5a, ($,d! 2) +.50, (%) +.50, (Z,d! 2) +n" 2 + p(! 2d! )
12. CV(Mo,Son) =%, =.5a,($,) + .5a_($.d! 2) +.5b_(#,) + .50, (F.d! 2) + 0" 2 + m(! 2d! 2)
13. CV(Mo, Dau) = %, =.5a, ($,) +.5a, ($,d! 2) + .5b, (#,) +.5b, (Z.d! 2) + p" 2 +n(! 2d! 2)

CV(P.,P, ) =%, =.53($.)+.53 ($,d/2)+ .50 (# )+.50 (#d/2)+mf "2 +o(f ) 2d!?)
CV(P.,,P...) =%, =.53,($,)+.53, ($,d! 2) + 5b, (#,)+.5b, (Z,d! 2) +nf," 2+ p(f,! 2d! ?)
CV(P,. P, ) =%, =.53 ($,)+.53, ($.d! 2) +.5b_(#,)+.50 (Z.d! 2)+of "2 +m(f2d!?)
CV(P,,.P...) =%, =53, ($,)+.53, ($,d!2)+.5b, (#,)+.5b, (Fdl2)+pf, " 2+n(f,/2dl2)

MZ Uncles
14. CV(NephewMzZM) =" _ =.5a % +.5a %d! _+.5b $ +.5b F d __+m __+o#d

15. CV(NieceMZM) =", =.5a,% +.5a,%dl ,_+.5b,$ _+.5b,F d __+nl __+p#d

m

CV( neph? MZ m) = = 561 (T/g + 561 %d|~ + 5bm$m + '5bm$rfd!~ mm + m!~ mm + 0#/%dr mm
CV( niece’ MZ m) = = 5af %1 + 5a % dl + 5bf $-m + 5bf $f d|~ mm +n mm + p#fdr mm
MZ Aunts

16. CV(NephewMZF) =" _=5a % +.5a 94dl , +.50 $, +.50 & d , +o! , +md
17. CV(NieceMZF) =" _ = 5a,% +.5a,%d! , +.50,%, + 50,8 d . +p! , +n#d ,

CV( neph? MZ,f ) = ITmF = 5am% + 5am%1dr ff + '5bm$f + '5bm$md!~ ff + 0!~ ff + rn#ridr ff



CV(Preee Pz, ) = =.58,% +.5a, %l +.50,8, +.5b, 8,00, +pl_, +nid

DZ Uncles o N N
18. CV(NephewDZMM) =" . =5a ', +.5a &d _ +50b 06 +50 8. d _+m __ +o#d __
19. CV(NieceDZMM) =" .. = 5a,",. +.5a,&dl ._+.5b % +.50,&,d __+nl __+p#d __
20. CV(NephewDZFM) =@ ., =.5a 6, +.5a.5,dQ, +.5b ¢, +.5b 7 dQ, +0Q  +mridQ,,
21.CV(Niece DZFM) =" ., = 5a,", +.5a,&dl , +.50b, %, +.5b & d , +p . +n#d

CV(PnEph’ 5DZ,m) = d mMM = '5am':£m + 5am&‘f d|~ mm + '5bm%m + '5bm$f d|~ mm + ml~

l

CV(Pn Z,m) = a fMM = '5af ':m + '5af c’é‘f d|~ mm + 5bf %m + 5bf $f d|~ mm + n!~

iece’ ' D m

CV(Pneph’ DZ,fm) ="
CV(P ~DZ,fm) = d fFM = '5af ’:m + '5af é‘ﬂdr mf + 5bf %m + 5bf$mdr mf + p|~ mf + n#r121dr mf

niece’

l

mFM = '5a'm;;m + E_)a‘r'néndl~ mf + '5bm%m + 5bm$mdr mf + Or mf + rn#ridr mf

DZ Aunts
22.CV(NephewDZFF) =" __ =5a ', +5a &d , +.50 9, +50 & d , +o ,+m&d ,

23.CV(Niece DZFF) =" . =5a,',, +.5a,&d , +.50,%, +.50,8 d , +p! , +n&dl
24.CV(NephewDZMF)=" _ _=5a ', +.5a &dl _ +.5b 9% +.5b % d _+m _ +o#d
25. CV(Niece DZMF) =" . = .5a,",, +.5a,&dl _ +.50,%, +.50,% d _ +nl _ +p#d

l

CV(Riepr Poz,1) = Opper :-Same:ef +-53mgmd§ff +.50,0 +'5bm7?mdﬁff +Oﬁff + mfridﬁff

l

CV(Precor Poz 1) =" e =58,y +.52,&,dl  +.50,%, +.50,8,dl , +pl o +n#2dl

iece’ ' D

l

CV(PnEph' DZ,mf) = a mMF = '5a ’:f + '5am(§f d|~ mf + '5bm%f + '5bm$f d|~ mf + mr fm + 0#?d'~ mf

m

CV(Procer Pozmt) =" e =-58, "y, +.58,&dl  +.50,%, +.50,8,dl  +nl . +p#2d

niece?

Sibling Uncles
26. CV(NephewSibMM) = .53 &, +.5a,%d!  +.5b $, +.50 #Zd __+m __+o0"d

27. CV(Niece SibMM) = 5a,&  +.5a,%d! __+.5b$, +.5b#dl _+n __+p"2d __
28. CV(NephewSibFM) = .5a & +.5a %d . +.5b $, +.50 Z d , +ol _ +m"2dl
29. CV(Niece SibFM) = 5a, &, +.5a,%d! . +.5b, 8, +.5b Z d . +pl _ +n"2d

Sibling Aunts
30.CV(NephewSibFF) =.5a & +.5a %d! . +.50 $,, +.5b #Z d! . +o! . +m"2dl .

31. CV(NieceSibFF) = 5a,&, +.5a,%dl , +.5b,$,, +.50,Zdl , +pl ,+n"2dl ,
32. CV(NephewSibMF) = 5a &, +.5a_%d! . +.5b $., +.50 #dl _ +m _ +0"2dl
33. CV(Niece SibMF) = .5a,&, +.5a,%d , +.5b,$,, +.5b,#d _ +n _ +p"id



MZM Cousins N _
34. CV(M .CousM .CousMZM) = .5a_ (&, + %d! _,,) +.50 ($,,, +Z.dl )+m  +o0"?dl

35. CV(M.Cous F.CousMZM) =.5a_(&,, + %dl ) +.5b (. +#dl ,)+ml , +0"2dl
36. CV(F.Cous F.CousMZM) = .5a, (&, + %d! ,,) +.50, ($,,, +Z,dl 5, )+ 0l ,, +p"2dl,,

MZF Cousins _ _
37.CV(M CousM .CousMZF) = 5a_ (&, + %d .-)+.50, ($.., +#Z,d )+o +m"2d _

38. CV (M .Cous, F.Cous, MZF) = 5a,, (&, + %drﬂ?) +.5b, (B + ﬁmdrﬁ) +ol .+ m"idrﬂ?
39. CV(F.Cous F.CousMZF) = 5a, (& + %dl ) +.50, (B +Z.dl L)+ p! o +n"2dl

DZM Cousins _ _
40. CV(M .CousM .Cous DZMM) =.5a_ (Aym + 6,d0, i) + .50, (B + 71 9O ya) + MO iy + 07200 s

41. CV(M .Cous F.Cous DZMM) = 58 (& + %dl ) +.50 (S + 7, Al gpg) M g +0"2d0 o,
42. CV(F.CousF.Cous DZMM) = 58, (& + %0l o, ) +.50, (S + 7, Al qps) + 10 s + P20 o

DZF Cousins N _
43. CV(M.CousM .Cous DZFF) = .5a, (&, + %d! ) +.50 (B, +#Z.d ) +0 o +m"2dl

44. CV(M Cous F.CousDZFF) = 5a_(& + %d! ) +.50 (S +Z. Al o) +0! o +m"2dl
45. CV(F.CousF.CousDZFF) =.5a, (& + %dr we) 90 (8. +#’md!~ er) TP et n”;dr o

DZMEF Cousins

46. CV(M .CousM .CousDZMF) = 5a_(&. +%d _.)+.50 ($,. +#Zdl ) +ml . +o"2dl
47.CV(M CousF .Cous DZMF) = 5a, (& +%dl ,,c) + .50, (S0 + &, d o) +m 0 +0"2dl
48. CV(F.CousM Cous DZMF) = 5a, (&, + %d! _..) +.50, ($e, +Z,dl )40l o+ p 2l .
49. CV(F.CousF.Cous DZMF) = .5a, (&, + %d! 4. )+.50, ($0 +Z,dl 4 )+0! 0 + p2dl 0

Grandparents
50. CV(PatGfaGrnson =

258, (#, +#,dI 2+ 2#,08,,)) +.280, (", + 7! 2 + 27 A, ) + Sy, +0($ 0 )
51. CV(MatGfa Grnson) =

258, (#, +#,dI 2 + 24,08, ) +.250, (", + ", dl 2+ 27,08, ) + 05, +m($,,d! )
52. CV(PatGmqGrnsor) =

25a,,(#, +#,d1? +24,d8,,) +.250, (" + T, d! T +27dS ) + mS,, +0($,d! F)
53. CV(MatGmqGrnson =

258, (#, +#,01 7 + 24,08 ) +.250, (" + Al F +27,d$ ) + 08 +m($ 0l 2)
54. CV(PatGfaGrndau) =



250, (#, + #,d! 2 + 2#,08,,)) +.280, (", + 7! 2 + 27 A, ) + 08+ P(Sd! )
55. CV(MatGfa Grndau) =

250, (#h, + 7,01 2+ 24,08, ) +.250, (", + 7! 2 427, A5, ) + P8,y + (S0l 2)
56. CV(PatGmaqGrndau) =

250, (#, +#,d!1 2+ 2#,d$ ) +.280, (" + T, A T +27d$,,) + S, + p($,dl )
57. CV(MatGmqGrndau =

250, (#, +#,d! 7 + 24,08 ) +.250, (" + T, d! T +27, A8 ) + pS g + (Sl 2)

Twins-in-law
58. CV(MZM,MZM.Spousg= ”fd! i

59. CV(MZF,MZF.Spousg="2dl
60. CV(DZM,DZM.Spousg="2dl __
61. CV(DZF,DZF.Spousk="2d!
62. CV(DZM, DZF.Spousg="2dl
63. CV(DZF,DZM.Spousp="2dl

Sibsin-law _
64. CV(Bro,Bro.Spousg="2d!
65. CV(Sis SisSpousp="2d!
66. CV/(Bro, SisSpousg="T12dZ
67. CV(Sis Bro.Spousp="2dl

Spousesn-law
68. CV(MZM.SpouseMZM .Spousk="*d? __

69. CV(MZF.SpousgMZF.Spousg="71d?*
70. CV(DZM.SpouseDZM.Spousg="*d?l
71. CV(DZF Spouse, DZF .Spouse) =" *d*! 7

72. CV(DZM.SpouseDZF.Spousg=7272d2Q,

Parentan-law
73. CV(Wife Fa) = ”fd! Mim

74. CV (Wife,Mo) ="2dl
75. CV(HusbandFa) = "2d! ,,,



76. CV(HusbhandMo) = "2d!

MZ Avuncular Inlaws
77.CV(NephewMZF.Spousg="2d! .

78.CV(Niece MZF.Spousg="2dl .
79.CV(NephewMZM Spousk="2d!
80.CV(Niece MZM .Spousp="2d!

DZ Auntsin-law
81. CV(NephewDZMM .Spousg="2d! ..,

82. CV(Niece DZMM.Spousp="2d! ,,,
83. CV(NephewDZFM.Spousg="2dl _,,
84. CV(Niece DZFM.Spousk="2d! ,,

DZ Unclesin-law
85. CV(NephewDZFF.Spousg="2d!

86. CV(Niece DZFF.Spous="2dl .
87. CV(NephewDZMF.Spousg="2dl .
88. CV(Niece DZMF.Spousg="2d! -




